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MATHEMATICAL TECHNIQUES TO COMPUTE GEOID UNDULATION WITH GPS
DATA

Ompenenenue reoujia ObUIO OJHMM W3 TJIABHBIX HAMpaBICHUN HAyYHBIX HCCIICIOBAHUM B
o0JacTu Teoe3ul B TEUEHHE MHOTHX AecAaTuieTHil. [ moOanbHble HABUTAIMOHHBIE CITyTHHUKOBBIC
CUCTEMBI IUPOKO UCTIOIB3YIOTCS B T'€OJIE3UH, M B CBS3U C OTHM OOJIBIIOC BHUMAHHUE YACISACTCS
TOYHOMY OIPENIEICHHUIO JOKAIBHOTO Teouaa, YTOObl 3aMEHUTh I'€OMETPUYECKOe HUBEIMPOBAHHE
GPS-TexHom0rusamu.

B naHHOM cTaTbe mpeiararoTcs pas3jiduyHble MaTEMaTHYE€CKUE METOJbI JJI BBIYMCIICHUS
BBICOT Teouaa B Erunte ¢ momonipto GPS nmanubIx. Takke MpeICTaBICHO CPABHEHHE TOYHOCTH
3TUX MOJIEJIEN.

Determination of geoid has been one of the main research areas in science of
Geodesy for decades. According to the wide spread using of GPS in geodetic
applications, great attention is paid to the precise determination of local and regional
geoid to replace the geometric leveling, which is very onerous measurement work,
with GPS surveys. There are several methods for geoid determination; these methods
depend mainly on the available data and the used mathematical models. GPS and
leveling method, which is also known as geometric method, is one of these methods.
This paper investigates several mathematical techniques for determination the geoid
undulation in Egypt from GPS data. Comparison between the accuracy of these
models is also presented.

The global positioning system is a satellite based radio positioning system
designed for accurate positioning information in three dimensions (Latitude,
Longitude and Height), that is, vertical as well as horizontal information is provided.
The satellites continuously send radio signals that can be received by suitable
equipments. Most topographic elevations are referred to the height above mean sea
level (MSL), these heights are determined by leveling and GPS. GPS elevations are
called geometric heights and are referenced to the center of earth mass [1].

The geoid is an equipotential surface of the earth that coincides with the
undisturbed mean sea level. Therefore it describes the actual shape of the earth. The
geoid can be considered as the reference surface for most height networks since
leveling gives the heights above the geoid. In geodesy, these heights are called
orthometric [3].

The geoidal undulation can be defined as the separation of the reference
ellipsoid with the geoid surface measured along the normal ellipsoid. The combined
use of GPS, leveling, and geoid height information has been used as key procedure in



various geodetic applications. Although these three types of height information are
considerably different in terms of physical meaning, reference surface definition,
observational methods, accuracy...ctc., they should fulfill the following simple
geometrical relationship [5]:

N=h - H (1)

Where: N is the geoid undulation, h is the ellipsoidal height, H is the orthometric
height.

Among the geoid modeling techniques, there is one, which is based on the
reference points that have been chosen in the most critical locations for
representing of the geoid, is one of the most common used method. In which,
representing geoid heights is considered as an analytical surface and deriving the
geoid undulation values in new points, which are measured with GPS technique,
according to the mathematical formulation of this surface constitutes the basic idea
of this technique.

This paper investigates a solution to compute the adjusted values of geoid
undulation in Egypt from the data available. The suggested mathematical methods
used the least square techniques to solve the derived equations of each suggested
method. The suggested mathematical techniques are:

1) Multiple regression equation (MRE);

2) Least square collocation (LSC);

3) Minimum curvature surface (MCS).

According to Erol and Celik, (2004), the important factor which affected on the
accuracy of GPS/leveling geoid model is the number of reference stations and its
distribution [6]. These stations must be distributed homogeneously to the cover the
studied area to detect any changes of geoid surface. The first suggested mathematical
model is multiple regression equation (MRE) summarizes as following:

MRE or polynomial approximation functions are subjected to variations which
may be achieved by different polynomial functions. The general form of multiple
regression equation has the form:

N=Ag+AU+ANV+AUH+AUVHAAN ., AmU"V", (2)

Where: Ay,...., An, are the coefficients; N is the geoid undulation; U, V are the
available data, that is, the coordinates of points.

The following flowchart (figure 1) explains the MRE technique to compute the
geoid undulation. To find out the best suitable degree of polynomial for determination
the geoid undulation in Egypt, distortions values of several check points are
calculated from known points.
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points P distortion between known geoid undulation
and the calculate geoid

Fig. 1. Flowchart of the solution steps by using polynomial technique

The second suggested technique is least square collocation (LSC). The purpose
of using LSC technique is to supplement the GPS/Leveling observations which are
made at only a relatively few points. A trial was made to compute the geoid
undulation in Egypt by using least square collocation technique as following:

— The first step of the program module is dividing the Egypt map to grids 0.50'
x 0.50";

— The second step is designing the covariance matrix between the data points
and the computation points. Then the distances between data points and the geoid
undulation are computed. The procedure of solution by using LSC is explained as
following:

Divide all the distances between every pair of points to equal distance (ry). So,
for the distance r; the covariance between every pair of points can be calculated
according to the following equation:

C, =:ZuiuJ ’ (3)
1

Where: C; is the covariance between i,j; n; is the total number of pairs which
satisfy the distance r;;; U;,U; are the measurements at points i,j.
For the general case for every distance ry the general equation is as follows:

1
C, :n—ZUiUJ 4)
k

A histogram can be drawn showing the relation between the distance and the
covariance between points as shown in figure 1.The curve function can be expressed
as:

Cij = ae ™ ()



Where: a, b are unknown parameters and Cij are observations of geoid
undulation.
Using least square method, we may calculate the parameters a, b (figure 2).

Input the geoid undulation for the known
points

Calculating the covariance equation using
least square method

Calculating the covariance maftrix between
data points and computation points

Rearrange the difference equation in form
BS+N=Db

Calculating the estimated computation points and the
adjusted data points according to the following equations
sl= (.s BT(CHJFCSH)-IE’

Co=Cs B'(C+Cop)) B G

n'= C(C,+Coyy)'b

C‘n'. = Cn (Cn + C‘s H) . Cn

Fig. 2: Flow chart of LSC model

Then the computation value of geoid undulation at the grid can be obtained from
the following equations as a special case of least square collocation where the system
will be modeled by the signal S and noise n.

S'=C, B'(Co+Can) b,

Cs'=Cs B'(C,+Cs11)* B C;, (6)

n\ - Cn(cn+Csll)-lb,

Cn\ =Cn(Cn+Csll)-1Cm

Where: C, is the covariance matrix of observations.

The third suggested technique is minimum curvature surface (MCS). MCS is an
old and over-popular approach for constructing smooth surface from irregularly
spaced data. The surface of minimum curvature corresponding to the minimum of the
Laplacian power or, in alternative formulation, satisfies the biharmonic differential
equation.

In most of practical application cases, the minimum-curvature technique
produces a visually pleasing smooth surface. However, in case of large changes in the
surface gradient, the method can create strong artificial oscillations in the
unconstrained regions [2]. Explanation for how to convert the system of Laplace and
Possion equations by MATLAB program is demonstrated by using the same divided



grids in the LSC. The four arms about the nodes may be not completed. So, equation
7 can be rearranged as follows to be suitable in our special case such as:

20, 20, 2 2 2 2 0, Laplace
Pa_ | e, P P —( + )y =1, _ )
ki(k+kp) kil +k,) L(L+L) L(L+L) () (kk,) [ f, Poisson

Where: Ky, Ky, 13, |, are the ratio from the complete grid arm (h) as shown in
figure 3; fo - function of unknown value .

Fig. 3: The case of uncompleted of grid arms

It can be noticed from this formula the position effect of stations on the neighbor
nodes.

— For using the grid, there is no information about true difference at the
boundaries of the grid to be used in the solution. Unified least square technique will
overcome this obstacle and the boundaries difference will be predicted and adjusted
according to the available data.

— The number of nodes. This obstacle can be solved by designing a program
using MATLAP program. Unified least square can be applied to equations with
Laplace equation.

The work is done for the data available from report of S.Powell, 1997 (0z,, 0z7,
0Zg,0Z9 ,0Z19,0Z11,0Z12 ,0213,0214,02150215,0217,0218,0219,0220,0221,0222) are common
points and (0Y»; ,0Yss, OYas, OYa1, 0Z3p, 0Z44, 0Z52,0Z¢6,0Z68,0Z70,0Z74,0Z97) are check
points (at these points, geoid undulation are known) [4]. The comparison between the
resulted distortion of MRE, LSC and MCS models was done. The distortion values at
check points are calculated. Distortion at check points is shown in figure 3 and the
standard deviation of the distortion is shown in figure 4.

From the results, it is obvious that the MCS model has the minimum distortion
with high accuracy. This means that the MCS is the best model to compute the geoid
undulation in Egypt. The distortion values at check points are calculated. Distortion at
check points is shown in figure (5) and the standard deviation of the distortion is
shown in figure (5).
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Fig. 4: The distortion at check points by different mathematical models
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Fig. 5: The standard deviation of the distortion by different mathematical models

As a conclusion, the three suggested method is suitable for determination geoid
undulation in Egypt. MCS technique gives the best results for geoid undulation
rather than MRE and LSC techniques. It is recommended to use MCS technique to
compute the geoid undulation in Egypt.
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